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Abstract. The concept of a Lie algebra under constraints is developed in connection with
the theory of non-bijective canonical transformations. A finite-dimensional vector space
M, carrying a faithful linear representation of a Lie algebra L, is mapped into a lower-
dimensional space M in such a manner that a subalgebra L, of L is mapped into D(L,) =0.
The Lie algebra L under the constraint D(L,) = 0 is the largest subalgebra L, of L that can
be represented faithfully on M If L, is semisimple, then L, is shown to be the centraliser
cent, Ly. If L is semisimple and L, is a one-dimensional diagonal subalgebra of a Cartan
subalgebra of L, then L, is shown to be the factor algebra cent L,/L;. The latter two
results are applied to non-bijective canonical transformations generalising the Kustaan-
heimo-Stiefel transformation.

1. Introduction

In the recent years, the Lc transformation (Levi-Civita 1956), an R*~ R’ map with
discrete kernel, and the ks transformation (Kustaanheimo and Stiefel 1965), an R* > R*
map with continuous kernel, have been investigated and used in various domains of
theoretical physics. The Lc transformation is closely related to the usual conformal
map and is therefore connected to the algebra of ordinary complex numbers. The ks
transformation may be considered as a byproduct of the theory of spinors and thus
turns out to be connected to the algebra of ordinary quaternions (Kustaanheimo and
Stiefel 1965, Blanchard and Sirugue 1981, Vivarelli 1983, Cornish 1984, Kibler and
Négadi 1984b). The Lc and ks transformations have been employed in classical and
quantum mechanics and the reader is referred to the paper by Lambert and Kibler
(1988) for an extensive bibliography. Let us just mention that the ks transformation
is of interest in the study of dynamical systems either in a partial-differential-equation
approach (Ikeda and Miyachi 1970, Boiteux 1972, Barut et al 1979, Kibler and Négadi
1984b) or in a path-integral approach (Duru and Kleinert 1979, Blanchard and Sirugue
1981, Young and DeWitt-Morette 1986) or in a phase-space approach (Gracia-Bondia
1984). In this direction, the ks transformation has been very recently applied to a
quantum mechanical investigation of thé Hartmann potential (Kibler and Winternitz
1987) and of a Aharonov-Bohm-like potential (Kibler and Négadi 1987).

There exist several non-bijective quadratic transformations generalising the Lc and
ks transformations. In particular, Kibler and Négadi (1984b) (see also Lambert and
Kibler 1988) have studied a compact R*— R* transformation and a compact R*> R”*
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transformation that parallel the Lc and ks transformations, respectively. Furthermore,
Iwai (1985) and Iwai and Rew (1985) have defined and used in symmetry reduction
problems an R*- R? transformation which may be thought of as a non-compact
extension of the ks transformation. General attempts to introduce non-bijective quad-
ratic transformations have been achieved by Boiteux (1982), Polubarinov (1984) and
Lambert et al (1986). Finally, Lambert and Kibler (1987, 1988) have recently introduced
and studied from both an algebraic and geometric viewpoint both (i) compact and
non-compact R*” > R*™ transformations with 2m =2, 4, 8, ... extending the LcC trans-
formation and referred to as quasi-Hurwitz transformations and (ii) compact and
non-compact R*”™ - R*"~™" transformations with (2m,2m—n)=(2,1), (4,1), (4,3),
(8, 1) and (8, 5) extending the ks transformation and referred to as Hurwitz transforma-
tions. Such a study is based on the use of anti-involutions of Cayley-Dickson algebras,
the latter algebras being generalisations of the algebras of complex numbers, quater-
nions and octonions.

It is the aim of this paper to develop a group theoretical approach to the Hurwitz
transformations R>” - R*”™" with (2m,2m—n)=(2, 1), (4, 3) and (8, 5), which com-
prise and extend the ks transformation. The whole philosophy of this approach may
be summed up as follows. In view of the non-bijectivity of the R*™ - R*” " map, we
may introduce, for 2m fixed, n=m —1+ 6(m, 1) 1-forms which are not total differentials
and equate them to zero. We can then associate a vector field to each of the n 1-forms
arising in the R*™ - R*™~" transformation. For 2m fixed, each of the vector fields X,
with i=1,2,..., n is defined in the real symplectic Lie algebra sp(4m, R) and the n
vector fields together span a subalgebra L, of sp(4m, R). Indeed, the algebra L, may
be considered as a specific realisation of the Lie algebra of the ambiguity group
discussed by Mello and Moshinsky (1975) and Moshinsky and Seligman (1978, 1979)
in connection with general R” > R” (non-bijective) transformations with p<p'. The
algebra L, will be called a constraint Lie algebra since its n generators X, satisfy X/ =0
for any function ¢ of class C(R*™~"). (In this vein, it is to be noted that the constraints
X,;=0(i=1,2,...,n) written in the phase space R*" x R*™ are nothing but primary
constraints of the generalised Hamiltonian formalism developed by Dirac (1964).) At
this stage, one may ask the question: what is the group theoretical significance of the
constraint conditions (also called superselection rules by Boiteux (1982)) X4 =0,
i=1,2,...,n? In other words, what is the subalgebra of sp(4m, R) which survives
when one forces the generators of L, < sp(4m, R) to vanish? These questions lead to
studying Lie algebras under constraints and this is done in the present paper by
introducing various constraints in sp(4dm, R) for 2m =2, 4 and 8.

This article constitutes a non-trivial extension of a series of papers by Kibler and
Négadi (1983a, b, 1984a). In the latter works a unique constraint X =0, corresponding
to a constraint Lie algebra L, of type so(2) for the ks transformation, is introduced
into sp(8, R). This leads to a Lie algebra under constraints isomorphic to so(4, 2). As
a physical application, the non-invariance dynamical algebra so(4, 2) of the R’ hydro-
gen atom may be obtained from the non-invariance dynamical algebra sp(8, R) of the
R* isotropic harmonic oscillator. This important result is a group theoretical comple-
ment of the well known result that the ks transformation allows us to convert, in a
Schrédinger, Feynman or Weyl-Wigner-Moyal formulation, the R*® hydrogen atom
problem into the R* isotropic harmonic oscillator problem. The sp(8, R)-so(4, 2)
connection has been further worked out (i) by Quesne (1986) in relation to the
independent-electron dynamical group of intrashell many-electron states as well as
with the correlated electron dynamical group of intrashell doubly excited states and
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(ii) by Georgieva et al (1986) in relation to boson representations of symplectic algebras
and their application to the theory of nuclear structure.

The Hurwitz transformations generalising the ks transformation are described in
§ 2 in a unified and original way. Although the material contained in § 2 turns out to
be a byproduct of the work by Lambert and Kibler (1987, 1988), the adopted presenta-
tion is self-consistent and constitutes an alternative to the derivation of the Hurwitz
transformations. Some general results on Lie algebras under constraints are presented
as theorems in § 3, where they are also applied to the Hurwitz transformations of § 2.
Constraint subalgebras L, of symplectic Lie algebras L are investigated in § 4 for cases
where L, and L are more general than for the cases corresponding to the Hurwitz
transformations of § 2. The final § 5 is devoted to some concluding remarks.

2. Hurwitz transformations

We start from the (generalised) Hurwitz matrix

F—Uy  C U C3Usy  —CiCUs  C3Us  —CiC3Us —CaC3lUg  €C2C3Uy
u, —Ug Colly — U, C3ls —C3Us  CaC3Uy; —CrC3Ug
U, —CUy —Ug au, C3lUg  —CiC3U;  —CiUs  €C3Us
U —U, u, - U C3uy —C3lUg C3ls —C3Uy
A(u) = Us —ClUs —CUg  Ci1C Uy —Uy Gy Crly —C 1 CU; (1)
Us —u;  —Cls Collg u, —u, —CylUs CoUsy
Uy C Uy —u, —CUs u, Ciu; —u, —Cu,
| Ug —Us —U, U, U, —-u, —tg |
in dimension 2m =8, where u,(a =0,1,...,7) are real numbers and ¢, ==1 (k=

1,2,3). We also consider the column vector u, the metric matrix » and the conjugation
matrix e defined by (the sign ~ indicating matrix transposition):

ﬁ=('—u0’ Uy, Uz, Uz, Uy, Us, Ug, u7)
n =dlag(19 —C1y —C2, €1C2, —C3, €1C3, €2C3, -C102C3) (2)
e =diag(1,-1,1,1,1,1, -1, —-1).

Let us finally introduce the matrices A(u), #, n and ¢ in dimensions 2m =4 and 2 in
the following manner: A(u), n and ¢ are the 2m x 2m matrices consisting of the first
2m rows and columns of the corresponding matrices defined by equations (1) and (2),
whereas u is the column vector consisting of the first 2m rows of the corresponding
column vector defined by equation (2).

It can be verified that the matrices A(u) for 2m =2, 4 and 8 satisfy the properties

A(u)nA(u) = (iiqu)m Au)=n[-A(u) - 2uol,,,]n (3)

where I,,, stands for the 2m x2m unit matrix. The matrices A(u) are of central
importance in the celebrated Hurwitz (1898) theorem of arithmetics and its non-
compact extension (Lambert and Kibler 1988). (The compact cases treated by Hurwitz
correspond to ¢;=¢;=c3=-1, ¢;=¢,=-1 and ¢, =~1 for 2m =8, 4 and 2, respec-
tively.) The matrices A(u) in dimensions 2m =2, 4 and 8 are related to the Cayley-
Dickson algebras A(c,), A(c;, ¢;) and A(¢y, ¢2, ¢3) of dimensions 2m =2, 4 and 8 and
they may be written in terms of elements of Clifford algebras of degrees 2m—1=1, 3
and 7, respectively (Lambert and Kibler 1988). In this respect, in the compact case
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¢, =cy=cy=—1for 2m =8§, the Clifford algebra of degree 2m —1 =7 has been recently
considered by Shaw (1988) in connection with a new view of the d =7 Dirac algebra.

We are now in a position to define non-bijective quadratic transformations. We
shall deal in turn with the cases 2m =8, 4 and 2.

2.1. The case 2m =38
Let us define the R®~> R® map through
x=A(u)eu 4)
In detail, we have
Xo= Up— CruT+ CoaU3 — €, CoU3+ C3UL — €,C3UR+ CoC3UE — €y CoC3U>
X>=2(—Uols+ CLUUs+ C3Ustg— €, C3UsU,)
X3 =2(—uUols+ Uy Uy — C3UsUg T+ C3U4U-) (5)
X4 =2(—Ugls+ CrU Us — Collr U+ C1Cr U3 U7)
Xs=2(=UoUs+ UjUs+ CallzUg— CotlsU-).

(In the general algebraic framework developed by Lambert and Kibler (1988), the
R®> R® map given by (5) corresponds to the right Hurwitz transformation ¥y’
associated to the anti-involution j; of A(c,, ¢5, ¢3).) Equation (5) may equally well be
seen to result from the integration of 2A(u)e du. Indeed, the column vector 2A(u)e du
is the transpose of the row vector (dx,, w,,dx, dx;, dx,, dxs, ws, w,), where the
1-forms

w1 =2(—u,dup+ uedu, + cousdu; — couydus + cyusduy — cyu dus — ccyusdug + cocyugdus)
we=2(—ugduy— ¢, u,du, — uydus — cyusdus + usduy + ¢ usdus + ugdug + ¢ u,du;) (6)
W= 2(—u,dug— ugdu, — usdu, — usdus+ usdu, + urdus + u,dug + ugdu,)

which are not total differentials, can be taken to be equal to zero in view of the
non-bijectivity of the R®*> R® map. The constraints w, = ws = w, =0 make it possible
to obtain

dxj—c,dx3+ c;co dx3 —c; dxi+ ¢ c; dx2=4r(dd n du) (7
where the ‘distance’ r =i n u satisfies
r’=x3—cx3+ ¢ ex3 — ex3+ ¢, 05x 2, (8)

The basic property to be used in § 3 is

[ 6/3%0 ] [—3/9uo ]
(1/2nN X, a/du,
8/8%, 3/du,
S = asznmawen | ©)
3/axs 3/dus
(1/2r) X, 8/ dug
[ (1/2r) X | 8/u,

where the vector fields X,, X, and X, associated to the 1-forms w,, ws and w,,
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respectively, are
Xy = u8/8up+ ud/duy + ¢ U338/ dus + U2/ Uz + € U8/ U+ Ud/ dus
+ ¢ U78/dug+ Ugd/ U,
X = —CrC3Ugd/ Uyt C2C3 U0/ Uy + C3U40/ Bl — C3Us/ AU — CoUx3/ F U,
+Czu36/8u5+u06/6u6—u|8/8u7 (10)
X7 =€,¢;,C3U70/ Uy — C2C3UB/ DUy — €1 C3Usd/ dUy + €314/ Uy + €y CrU33/ JUy
— CU50/Us — C U0/ BUg+ Ugd/ O U5 .
The operators X, X, and X; vanish when acting on functions ¥(x,, x,, X3, X4, X5) of
class C'(R®) and satisfy the commutation relations
[X, Xé] =-2X,
[Xe, X7]=—2c203X, (11)
(X7, Xi]=2¢,Xs.
They therefore generate the Lie algebra su(2) or su(l,1) according to whether
(¢, €5, ¢3) = (=1, 1, £1) or (¢,, ¢35, c3) #(—1, =1, £1). Note that in view of (10), X,
X, and X, are defined in the Lie algebra sp(16, R).

Following the geometrical analysis developed by Lambert and Kibler (1988), and
adapting it to the anti-involution j; inherent to the present work, the Hurwitz transfor-
mations characterised by equations (1)-(11) may be classified (up to homeomorphisms)
into three types.

Type (¢'). For (c;, ¢5, ¢;)=(—1, =1, —1), the map R®*> R corresponds to the well
known Hopf fibration on spheres S’ S* of compact fibre S°.

Type (¢”). For (c,, ¢;, ¢5)=(—1,1,1), the map R*> R*x R*< R® corresponds to
a fibration on hyperboloids, namely R*x S>> R* of compact fibre S°.

Type (nc). For (¢,, ¢5, ¢;) # (=1, £1, 1), the map R®~ R® corresponds to another
fibration on hyperboloids, namely R*x S§* - R?x S of non-compact fibre R*x S".

We shall see in § 3 that there are two types of Lie algebras under constraints that
we can associate to the latter three types of Hurwitz transformations.

2.2, The case 2Zm =4

This case is especially simple to present since it can be obtained from the case 2m =38
by omitting everything involving c;, (uy, us, ue, U;), (X4, Xs), (we, @) and (X,, X,).
This yields the R*~> R* map defined by

Xo=Us— ciui+ cul—c,cou3
X, =2(—uoly + C U Us) (12)
X3 =2(~uous + uyuy)

and subjected to the constraint

w; =2(—u,duy+ uodu, + c,usdu, — c;u,dus) = 0. (13)
In this case there is only one vector field, namely
X, = U108/ U+ Ud/ U, + ¢ U308/ Uy + U9/ du, (14)

which belongs to the Lie algebra sp(8, R) with the property that X,y (x,, X5, X3)=0
for ¢ in C'(R?). The operator X, generates the subalgebra so(2) for (c,, ¢,) = (-1, 1)
and so(1, 1) for (¢;, ¢;) = (1, £1).
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We thus get a transformation which coincides with the right Hurwitz transformation
¥ associated to the anti-involution j, of A(c,, c,), see Lambert and Kibler (1988).
The special situation where ¢, = ¢, = —1 leads to the transformation worked out by
Kustaanheimo and Stiefel (1965). The transformation recently introduced by Iwai
(1985) is obtained by taking ¢, = —c,=—1.

Here again, we have three types of Hurwitz transformations which will give two
types of Lie algebras under constraints. We extract from the work of Lambert and
Kibler (1988) the following classification that may be readily understood as a restriction
of the corresponding one for 2m = 8.

Type (¢'). For (¢,, ¢;) = (-1, —1), the map R*~ R’ corresponds to the famous Hopf
fibration on spheres S° - S* of compact fibre S'.

Type (c¢"). For (¢, ¢;)=(-1,1), the map R*>R"x R*< R® corresponds to a
fibration on hyperboloids, namely R*x S' > R” of compact fibre S'.

Type (nc). For (¢,, c;)=(1,—1) or (1, 1), the map R*~ R’ corresponds to another
fibration on hyperboloids, namely R*x S' > R x §' of non-compact fibre R.

2.3. The case 2m=2

This limiting case presents some specific features, with respect to the cases 2m =4 and
8, as can be seen in terms of Laplacian and d’Alembertian operators. Nevertheless,
those points of relevance for what follows may be deduced from the case 2m =4 by
simply suppressing the expressions with ¢,, (u,, u3) and (x,, x;). We are thus left with
the R*~> R map

Xo= Ui~ cyu} (15)
accompanied by the constraint

w, =2(—u; dug+ uodu,)=0. (16)
The corresponding vector field

X\ = ¢ u,8/3uy+ ugd/ ou, 17)

is defined in the Lie algebra sp(4, R) ~s0(3, 2) and satisfies X,¥(x,) =0 for ¢ in C*(R).
The operator X, generates the subalgebra so(2) for ¢, =-1 and so(1,1) for ¢, =1.
Equations (15)-(17) correspond to the right Hurwitz transformation ¥’ associated
to the anti-involution j, = j, of A(c¢,) (cf Lambert and Kibler 1988).

It is obvious in this case that there are only two distinct Hurwitz transformations,
which will produce two types of Lie algebras under constraints in § 3. Indeed, we
have the following classification.

Type (c). For ¢, =—1, the map R*~> R™ < R corresponds to the fibration §' - {1}
of compact fibre S'.

Type (nc). For ¢,=1, the map R’~> R corresponds to the fibration R > {1} of
non-compact fibre R,

3. Lie algebras under constraints

The study of non-bijective canonical transformations has ted us to a mathematical
problem that is of independent interest and has a wider realm of applications. It can
be formulated as follows.
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Consider a finite-dimensional Lie algebra L and one of its proper subalgebras L,.
Let L have a faithful finite-dimensional representation on some linear space M.
Consider a non-bijective mapping from M to some lower-dimensional space M such
that on M the subalgebra L, is represented trivially by

D:L,» D{(L,)=0. (18)

The questions that we pose are as follows.

(1) Is there a uniquely defined largest subalgebra L L of L such that Ly,cLcL
and having a non-faithful linear representation D:L-> D(L) on M with L, as its kernel,
i.e. satisfying equation (18)?

2) I1f L exists, how one does find it and which is the largest subalgebra L, of L
that is represented faithfully in the representation D(L)?

We start with some general Lie algebraic considerations and answer the above
questions under some restrictions on L, and L. We then specialise to the case of
interest in the context of the Hurwitz transformations of § 2, where we have L=
sp(4m, R) with 2m =2, 4 and 8, L,={X,} for 2m=2 or 4 and L,={X,, X,, X5} for
2m =8.

As far as terminology is concerned, we call L, a ‘constraint Lie algebra’ (the
constraint being (18)) and L, a ‘Lie algebra under constraints’ (the constraints being
brought by (18)).

3.1. General discussion

Let us first introduce some concepts that we shall need below. Here L stands for an
arbitrary Lie algebra, the Lie brackets [, ] of which identify with commutators in a
given linear representation.

Definition 1. The normaliser of a Lie algebra L, in a Lie algebra L, with Ly< L, is
defined as

norLLo={Z€L|[Z, Lo]g Lo} (19)
Thus, nor_ L, is the largest subalgebra of L in which L, is an ideal. Given L and L,,
nory L, is uniquely determined.
Definition 2. The centraliser of a Lie algebra L, in a Lie algebra L, with Ly L, is
defined as

CentLLo = {Z € L} [Z, L()] = 0}. (20)

Clearly, the subalgebra cent, L, of L is uniquely determined once L and L, are given,

Directly from the definitions we see that we have
Losnor, L, nor, Ly L cent, Ly< nor, L,. (21)

Let us now turn to the problem at hand. The algebra L, is the kernel of the Lie
algebra homomorphism D: L- D(L). Then, the Lie brackets

[D(L), D(Lo)] =0 (22)
are compatible with those of L only if we have

(L, Lol< L. (23)
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Hence, L, must be an ideal in L and consequently we must have
L cnor, L,. (24)

Let us now introduce a basis {X;; 1 <i=<n} for the Lie algebra L, (of dimension n)
and complement it to a basis {X,, Y,; 1<i<n, 1< a < v} for the Lie algebra nor_ L,
(of dimension n+ v). The Lie brackets for nor, L, in this basis are

[ X, XJ]=aijk (25a)
[Xis Ya]=bjlaXJ (25b)
[Y,, Yyl=cl Y, +d s X, (25¢)

If the basis {Y,; 1< a < v} of the factor ‘algebra’ F=nor Ly/L, can be so chosen
that dﬁ,ﬁ =0 (1<seq,B=<v 1=<isn), then the factor algebra F is itself a Lie algebra.
Moreover, in this case we have

L=F={Y,;lsasvu} (26)

i.e. the factor algebra F, that can be characterised as the external normaliser of L, in
L, is itself the Lie algebra L, that is represented faithfully in D(L) with L =nor, L,.

Relation (25b) provides an outer derivation of the Lie algebra L, unless all structure
constants b}, vanish. To proceed further we restrict ourselves to constraint algebras
L, that do not have any outer derivation. According to a theorem proven by Zassenhaus
(1952) (see also Jacobson 1979) this will be the case if L, is a finite-dimensional
semisimple Lie algebra over a field of characteristic zero. On the other hand, in the
case where L, is Abelian, a given element X, of L, will either commute with all basis
elements Y, or will be represented by a nilpotent matrix in the adjoint representation
of L. We thus arrive at the following results.

Lemma 1. Let the constraint Lie algebra L, be a semisimple Lie algebra over a field
of characteristic zero. Then, the structure constants in (25b) satisfy

b, =0 1<ijsmlsasv (27)
and we have

nor, Lo=Ly(+)cent; L, (28)
where (+) denotes the direct sum of vector spaces.
Proof. Equation (27) follows from the fact that a semisimple Lie algebra has no outer
derivation. The result (28) is a consequence of (27) and the fact that a semisimple Lie

algebra does not have a centre, hence the condition [ X, L,] =0 implies that X does
not belong to L,.

Lemma 2. Let L, be a subalgebra of a Cartan subalgebra of a finite-dimensional
semisimple Lie algebra L over a field of characteristic zero. Then, the structure constants
in (25b) satisfy

bl =0 1<ijsnlsasv (29)
and we have

nor, Lo=cent, L,. (30)
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Proof. A Cartan subalgebra of a semisimple Lie algebra L consists entirely of elements
that are represented by simultaneously diagonalisable matrices in the adjoint rep-
resentation of L, at least after a field extension. A set of such matrices does not contain
any nilpotent matrix. The algebra L, has no outer derivation so that b, =0 in (25b).
Since L, is Abelian, we have a:} =0 in (25a) and the result (30) follows.

We now turn to our main results on Lie algebras under constraints.

Theorem 1. Let L be a finite-dimensional Lie algebra over a field of characteristic zero
and let L, be a semisimple proper subalgebra of L. The largest subalgebra L of L that
has a linear representation D(L) with L, as its kernel is the normaliser

L=nor, Ly=L,®cent, L,. (31a)
The largest subalgebra L, of L that can be represented faithfully in D(L) is the centraliser
Ll =Cent[_ L0=n0rL Lo/Lo. (31b)

Proof. From lemma 1 we already know that nor_ L, is the direct sum of the two disjoint
vector spaces L, and cent, L, and that we have b/, =0 in (25b). Since cent, L, is a
Lie algebra and X, (1=<i=n) does not belong to cent, L,, we must have d,z =0 in
(25¢) and we obtain (30). Thus, L =nor, L, is a direct sum of Lie algebras and setting
D(L,) =0 is consistent with representing L, = cent, L, faithfully.

Theorem 2. Let L be a classical Lie algebra over the field R having an even-dimensional
self-representation, i.e. a real form of A,n_;, Cn or DNy(N=2,3,...) in Cartan’s
notations. Let L, be a one-dimensional subalgebra of a Cartan subalgebra of L, namely
one of the ‘diagonal subalgebras’ [0(2)@0(2)®...Po(2)], or[0o(1,1)Po(1,1)D...®
0(1,1)]4. Then, the largest subalgebra L of L that has a non-faithful representation
D(I:) with L, as its kernel is uniquely determined to be

L= nor, Lo=cent, L,. (32a)

The largest subalgebra L, of L that can be represented faithfully in D(L) is the factor
algebra

Ll = CentL LO/LO (32b)

which in this case is itself a Lie algebra.

Proof. From lemma 2 we already have nor_ L,=cent; L;. We must show that under
the conditions of the theorem we have

CentL L0= LO@L]- (33)
By hypothesis we have n =1 and therefore the Lie brackets (254, b, ¢) reduce to
[Xla Ya]=0 [Ya’ Yﬁ]=cZBYy+d:‘xBXl' (34)

Equations (34) describe a central extension of the Lie algebra {Y,; 1< a < v} and we
must show that this extension is trivial, i.e. d},B =0(1<sa, Bsv).

Consider first the non-compact case Ly=[o(1, 1)@ o(1, 1)®...@o(1, 1)],. We can
choose a realisation of the defining faithful linear representation of L in which L, is
represented by the matrices

X =a diag[Iy, —Iy] ac R (35a)
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A simple calculation shows that in this representation we have
nor, Lo =cent, L,={diag[A, B]; A, Be R™*"} (35b)

with possibly further restrictions on the matrices A and B depending on which particular
classical Lie algebra L we are considering. In any case, independently of the choice
of L, the derived algebra [cent; L,, cent; Ly] of cent, L, is represented by matrices of
the form diag[A, B] with Tr A=Tr B=0. Hence, L,# [cent, L,, cent, L,] and we
obtain d}; =0 in (34) so that (33) holds.

Now consider the compact case Ly=[0(2)@0(2)@...@0(2)],. In an appropriate
realisation of the definining representation of L we have L, represented by the matrices

0 1
X = b diag(J, J,...,J] beR J=[_1 O:] (36a)

where the matrix J occurs N times along the diagonal of X. We obtain
X]l e e XIN

. . a; b; .
nor, Ly=cent, L,= - : ;Xu=[_bj aj];au,bijeR;lslyjsN
XNl ) XN'N' 'J lj

(36b)

for the normaliser (and centraliser) of L, in A= R*N**"_ Since (36b) provides a real
representation of gl( N, C), we have nor,L,=gI(N, C). The normaliser of L, in L will
be asubalgebra of gl( N, C), obtained by imposing the appropriate involution condition,
reducing A to L. In any case, L, is not contained in the derived algebra sl(N, C) of
gl(N, C) and still less in that of any subalgebra of gl( N, C). We again conclude that
dls =0 in (34) so that we obtain (33).

Finding the maximal subalgebra L, of L that is represented faithfully when L, is
represented trivially is thus a simple task of linear algebra and boils down, in the cases
of relevance in § 3.2, to constructing the set of elements commuting elementwise with
the elements of L,. The Lie algebra L, coincides with what Kibler and Négadi
(1983a, b, 1984a) refer to as a Lie algebra under constraints. In their terminology, L,
is isomorphic to the algebra L subjected to the constraints

and may thus be thought of as the Lie algebra surviving when the constraints (37) are
introduced inside L.

3.2. Application to Hurwitz transformations

Returning to the non-bijective quadratic transformations described in § 2, we identify
L as sp(4m, R) with 2m =2, 4 or 8. The basic problem is for L=sp(16, R) and
Lo=s50(3) ~su(2) orso(2, 1) ~su(1, 1) and corresponds to 2m =8. The two remaining
problems concern L =sp(8, R) for 2m =4 and L =sp(4, R) for 2m =2 and both corre-
spond to L,=s0(2) or so(1,1). The problems for 2m =4 and 2 can be solved at the
same time as the problem for 2m =8 by adapting the restriction process of § 2.

We realise the algebra sp(4m, R) by matrices X of R*""*™ satisfying

XK+KX =0 with K=[ 0 12"’} (38)
"Izm O
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so that we have

x=[A B.} Ae R B=Be R*™**", C=Ce R (39)
C -A
(see Moshinsky and Winternitz (1980) for details). The matrix X depends on 2m(4m +
1) parameters as it must. The Lie algebra sp(4m, R) is, on the one hand, realised by
the matrices (39) and, on the other, by the bilinear forms

a;; =0+ u;d; Bij = 9.9, Yii = Uil (40)
The representatives of the operators «;;, 8, and v, in terms of matrices X may be
obtained according to a simple prescription (Moshinsky and Winternitz 1980).

For 2m=2 and 4, L; (=s0(2) or so(1, 1)) is spanned by X, of (17) and (14),
respectively. For 2m =8, L, (=s0(3) or so(2, 1)) is spanned by the three operators
X, Xs and X, of (10). It is easy to represent the constraint operators X, X, and X,
for sp(16, R) in terms of matrices X of equation (39) with 2m =8 by applying the
above-mentioned prescription. The representative matrix of X, so obtained may serve
to generate the matrices that represent the constraint operators X, for sp(8, R) and
sp(4, R) by means of a subduction process which parallels the restriction process
described in § 2 for the coordinate transformations.

It is then a simple matter of calculation to find the centraliser of {X,, X, X;} in
sp(16, R). It is sufficient to search for the general matrix X which commutes with the
representative matrices of the operators X,(c¢,) and X,(c,, ¢;) corresponding to the
case 2m = 8. (The representative matrix of the operator X,(c,, ¢,, ¢;) does not need
to be considered since it imposes no further restriction.) This has been done in a brute
force way by using the algebraic and symbolic programming system REDUCE. As a
net result, the general representative matrix X(c,, ¢-, ¢;) of the centraliser of
{X1(¢1), Xs(ca, €3), X5(cy, 1, €3)} in sp(16, R) is given by equation (39) with

an a; a3 s ays Qe a; a5 7
€142 ayy 1@y, a3 €186 a5 Cidyg a;
a3y as; a3 Qs a3s Q3¢ as; Q33
A= €143 aszy C1Q34 as3 €436 a3s C1d3g as, (41a)
€343 —C3Q3g —C63435 C2C343¢ a3 —ass —C2a;3, €243,
—C1C3d33 €343 €1€€3a36  —C3C3Q35 —C, Q34 a3 €1€283; —Cay
20345 C2C38;8 €3ays ~ 3846 —C2ay3 €244 ay, —ap
Ci1€263a15 6038y, TG4y, €35 O —6ap 618y, an
by, 0 b3 by, bys bie 0 (OB
0 ¢y —bs =0, b3 —bie —cibys 0 0
b3 b b33 0 0 0 cabys e2bye
B= bia —cbyy 0 b33 0 0 —63by6 —creabys (41b)
bys =bye 0 0 €3C3b35 0 —c3byy —c3by,
bie —cibys 0 0 0 —C1Ca¢3by; esbia 16303
0 0 Cabys =036 —e3by; C3byy €263byy 0
| 0 0 C2bye by —cbys ¢, c3hys 0 ‘Cnczcsan
and
C =the same as B with b;~ c;. (41c)

From the matrix X(c,, ¢,, c;) so obtained, we can perform the calculation of the rank
and dimension of the Lie algebra under constraints L,, as well as the dimension of
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the maximal compact subalgebra of L, in each of the cases L =sp(4m, R) with 2m =38,
4 and 2. This makes it possible to identify L, in the following way. In the case 2m =2
or 4, we find that cent_ {X,(c,)} is a Lie algebra of dimension 4m? and rank 2m with
a maximal compact subalgebra of dimension 2m” for ¢, = =1 and m(2m —1) for ¢, = 1.
Therefore, in the cases 2m =2 and 4, we have cent_ {X,(¢;)}=u(m, m) or gl(2m, R)
for ¢, =—1 or 1, respectively. Consequently, L, =cent, {X,(¢,)}/{X,(c,)} is identified
as su{(m, m) for ¢,=—1 and sl(2m, R) for ¢,=1. In the case 2m =8, we find that
cent, {X,(c,), X¢(ca, 3}, Xo(cy, €2, c3)} is a Lie algebra of dimension 28, of rank 4 and
of character (i.e. the number of non-compact generators minus the number of compact
generators) —4 for (¢, s, c;)=(—1, %1, 1) and +4 for (c,, c;, ¢3) #(—1, £1, £1).
Consequently, L, =cent, {X,(¢;), Xs(ca, 1), X5(cy, €5, ¢3)} is identified as so*(8) for
(¢, ¢z, c3) =(—1, £1, £1) and so(4,4) for (c,, c,, ¢3) #(—1, =1, £1). The results for
2m =38, 4 and 2 can be summed up and further documented as follows.

The case 2m =8, L =sp(16, R):

(¢) Lo=s0(3) and L, =s0*(8) ~s0(6, 2) for (¢,, ¢, ¢5})=(-1,—-1,-1) or (—1,1,1)

(n¢c) Lo=s0(2,1) and L, =s0(4, 4) for (¢, ¢5, ¢3) # (-1, =1, £1).

The case 2m =4, L=sp(8, R):

(¢) Lo=so0(2) and L, =su(2,2)~so0(4,2) for (¢,, ¢c;) =(-1,-1) or (—1,1)

(nc) Ly=so0(1,1) and L, =sl(4, R)~so(3, 3) for (¢;, ¢;)=(1, ~1) or (1, 1).

The case 2m =2, L=sp(4, R):

(¢) Lo=s0(2) and L,=su(l,1)~so(2,1) for ¢, =-1

(nc) Ly=so(1,1) and L, =sl(2, R)~so0(2,1) for ¢, =1.

It is to be mentioned that the result (c¢) for 2m =4 agrees with the one derived by
Kibler and Négadi (1983a, b, 1984a) in the frame of a study of the hydrogen oscillator
connection based on a bosonisation of the Pauli equations for the hydrogen atom.

We note the important result that, in each of the cases (n) and (nc¢), there is a
correspondence between the types of Lie algebras under constraints and the types of
fibres described in § 2. More precisely, the cases (¢) correspond to compact fibres and
the cases (nc) to non-compact fibres.

4. Symplectic Lie algebras under constraints

The resuls of § 3.2 can be generalised to arbitrary symplectic Lie algebras L and various
constraint Lie algebras L,. Indeed, the results obtained in § 3.2 may be derived in an
alternative and more rational manner that points to further generalisations.

We shall first deal with two cases where L, is a one-dimensional constraint algebra
and shall thus apply theorem 2. We shall then turn to two cases where L, is a simple
Lie algebra and shall thus apply theorem 1.

4.1. The case Ly=[o(1, 1)@o(1,,1)®...@o(l, 1)], and L =sp(2N, R)

We realise the non-compact diagonal algebra L, by matrices of the type (39) with
2m- N and

A0=aIN acR BO=CQ=O. (42)
We immediately obtain

nor, Lo=cent, L,={diag[A, —A]} =gI(N, R) = Ly@sl(N, R). (43)
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Thus, the Lie algebra under constraints is
L,=sl(N, R)= L=gl(N, R). (44a)

In particular, we have

L,=sl(2, R)~so0(2,1) for N=2
(44b)

L,=sl(4, R) ~so0(3, 3) for N=4
in agreement with the results of § 3.2.
4.2. The case Lo=[0(2)@Po(2)@P...Po(2)], and L =sp(4N, R)
We realise the compact diagonal algebra L, as in (39) with m > N and

. 0 1

Ay=adiag[J, J,..., J] acR J=[_1 0] By=Cy=0 (45)

where the matrix J occurs N times along the diagonal of A,. A simple calculation
yields the centraliser of L, in L in the form (39) where the matrix A is an N x N matrix
of elements

a; a;
[ % abeR;1<ijsN;l1<sk=2 (46a)

2 1
—a; ay

and where the matrices B and C are given by

B=4A with a; - b;
. bi=ci=0,1<i<N. (46b)
C=A with a;;-> ¢},
We thus obtain
nor, Lo=cent, Ly=u(N, N)=L,®su(N, N) (47)
and the Lie algebra under constraints is
L, =su(N, N)eL=u(N, N). (48a)
In particular, we have
L,=su(l,1)~s0(2,1) for N=1
(48b)
L, =su(2,2) ~so(4,2) for N=2

as in § 3.2.

4.3. The case Ly=[sl(2, R)@sl(2, R)®...Psl(2, R)], and L =sp(8N, R)

We realise the non-compact diagonal algebra L,, of dimension three, by the matrices
(39) with m->2N and

. b
Ao=diag[J, J, ..., J] J=|:a _a] a,b ceR Bo=Co=0  (49)
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where the matrix J occurs 2N times along the diagonal of A;. A straightforward
calculation yields the centraliser of L, in L=sp(8N, R) in the form (39) where the
matrices A, B and C are given by

[ a,, 0 a,; 0 aoN 0
0 an 0 a2 0 AN
a 0 as; 0 azaN 0
A= 0 a,, 0 as, ... 0 AronN
asn. 0 asn,;2 0 AIN2N 0
| 0 ANt 0 N2 - 0 a:N2N
] ] (50)
0 0 0 by, 0 bion
0 0 -by, 0 —bian 0
0 —b,, 0 0 0 byan
B= b,» 0 0 0 =byan 0
0 —bian 0 ~bran ... 0 0
;_bl,ZN 0 bz,zN 0 - 0 0 R

C = B with bij—) Cij Qi bij’ Cij €R

The latter realisation shows that cent, L, is a simple Lie algebra of dimension 2N (4N —
1) and rank 2N with a maximal compact subalgebra of dimension 2N(2N —1). We
can thus identify the centraliser and the Lie algebra under constraints as

L,=cent. L;=s0(2N,2N). (51)

For N =2, we recover the result L, =so(4,4) of § 3.2 corresponding to L,=s0(2, 1)
and L=sp(16, R).

4.4. The case Ly=[0(3)@0(3)®...@0(3}], and L =sp(8N, R)

We realise the compact diagonal algebra L, of dimension three, by the matrices (39)
with m > 2N and

Ao=diag[J, J, ..., J] J= abceR Bo=Co=0

(52)

where the matrix J occurs N times along the diagonal of A;. The centraliser of L, in
L =sp(8N, R) can be easily calculated. It is realised by matrices of the form (39)
where A, B and C are N x N matrices in which each entry is a 4 x4 (real) matrix of
the type

X Xij X Xij
1 0 3 2
-xi Xy oxi =x%
X, = 3 ; Y Y xNeER;1<i j<N;0sk=3, (53)
—Xi TXyo Xy Xy
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For X =B and C, we have B;;= §j, and C, = C;(1<i,j<N). We find that cent, L,
is a simple Lie algebra of dimension 2N(4N —1) and rank 2N with a maximal compact
subalgebra of dimension 4 N°. We can thus identify cent, L, as so*(4N) so that we
end up with

L,=cent, Ly=s0*(4N). (54)

For N =1, we have s0*(4)~3s0(3)®@s0(2,1). For N =2, we recover the result L, =
s0*(8) ~s0(6, 2) of § 3.2 corresponding to L,=s0(3) and L =sp(16, R).

5. Concluding remarks

The main mathematical result of this paper can be summarised in the following manner.
Consider a finite-dimensional Lie aigebra L and a proper subalgebra L, of L. Then,
the largest Lie algebra L satisfying Ly< L<L and having a non-faithful linear rep-
resentation in which L, is represented trivially, is the normaliser nor, L; of L, in L.
If the normaliser allows a decomposition

nor, Lo=L,®L, (55)

into the direct sum of L, and a Lie algebra L,, then L, can be represented faithfully
in a Lie algebra homomorphism D: nor, Ly~ D(nor_ L,) with L, as its kernel.

The condition that the decomposition (55) should hold is a restriction on the
algebras L, and L. We have shown that equation (55) always holds for the constraint
algebras L, and the algebras L occurring in the R*™ - R*™ ™" non-bijective canonical
transformations with (2m,2m —n)=(2, 1), (4,3) and (8, 5).

If the decomposition (55) does not hold, then it may be necessary to enlarge the
kernel of the homomorphism for nor; Lo/L, to be a Lie algebra. To see this, consider
the example where L =sp(4, R) (realised as in (39) with m=1) and L, is the one-
dimensional nilpotent Lie algebra

0 0 b, O
00 0 O
Lo= b R).
0 00 0 oV ne (56)
0 0 0 O
We find that
a;, a, by b,
0 ay b, by,
L = K : b ii R .
nory Lo O O _a” 0 ’alj’ ijs C,JG (57)

0 ¢n -a; —ax

In this case, nor_ L, is a Lie algebra isomorphic to the ‘optical Lie algebra’ opt(2, 1)
(see Patera et al 1977, Burdet et al 1978). Denoting A, the element of nor;, L, obtained
by setting a;; =1 and all other entries equal to zero in equation (57), and similarly for
B;; and C;;, we have

[A, B;]1=2B,, €L, (58)

and hence nor_ Ly/L, is not a Lie algebra. To obtain a consistent homomorphism, we
must enlarge the kernel to include

L6={A12,Blza311}- (59)

ijs
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We then have
nor, Lo=nor L,

(60)
L, ~nor  Lo/Lo~{A, @ (A1, By, Cas)}~0(1,1)Dsl(2, R)

and L, is the algebra represented faithfully.

The motivation, stressed in this article, for introducing Lie algebras under constraints
comes from the study of non-bijective canonical transformations. In this respect, the
mathematical results obtained here are of interest in the determination of invariance
and non-invariance algebras of dynamical systems (cf Kibler and Négadi 1983a, b,
1984a, Lambert and Kibler 1988). They may also be useful in related fields as in
atomic and nuclear shell theory (cf Quesne 1986) and in such nuclear models as the
interacting vector boson model (cf Georgieva et al 1986).

A different application that suggests itself concerns symmetry reduction for partial
differential equations. Thus, let L be the Lie algebra of the Lie group G of local point
symmetries of a system of partial differential equations (see Olver 1986) and let L, be
a subalgebra of L corresponding to a subgroup G, of G. The construction of solutions
invariant under the subgroup G, involves a non-bijective transformation from the space

of independent and dependent variables {x,..., x,, #;,..., ux} to the space of G,
invariants {&,,..., &, Wy, ..., wy} (k<n). The transformation involves precisely the
conditions

XO(x,,....,x,,ty,...,Uun)=0 XelL,. (61)

Hence, the Lie algebra under constraints L, is in this case the Lie algebra of a group
G, leaving invariant the space M of invariants of L,. Either G, or a subgroup of G,
will then be the symmetry group of the reduced equations.
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